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Abstract
An L(2, 1)-labeling of a graph G is a function f from the vertex set V (G) to the set of all nonnegative integers such that
| f (x) − f (y)| ≥ 2 if d(x, y) = 1 and | f (x) − f (y)| ≥ 1 if d(x, y) = 2, where d(x, y) denotes the distance between
x and y in G. The L(2, 1)-labeling number λ(G) of G is the smallest number k such that G has an L(2, 1)-labeling with
max{ f (v) : v ∈ V (G)} = k. Griggs and Yeh conjecture that λ(G) ≤ ∆2 for any simple graph with maximum degree ∆ ≥ 2.
This paper considers the graph formed by the skew product and the converse skew product of two graphs with a new approach on
the analysis of adjacency matrices of the graphs as in [W.C. Shiu, Z. Shao, K.K. Poon, D. Zhang, A new approach to the L(2, 1)-
labeling of some products of graphs, IEEE Trans. Circuits Syst. II: Express Briefs (to appear)] and improves the previous upper
bounds significantly.
c© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
The frequency assignment problem is to assign a frequency which is a nonnegative integer to each radio transmitter
so that interfering transmitters are assigned frequencies whose separation is not in a set of disallowed separations. Hale
[10] formulated this into a graph vertex coloring problem.
In 1991, Roberts [16] proposed a variation of the channel assignment problem in which “close” transmitters must
receive different channels and “very close” transmitters must receive channels that are at least two channels apart. To
translate the problem into the language of graph theory, the transmitters are represented by the vertices of a graph; two
vertices are “very close” if they are adjacent and “close” if they are of distance 2 in the graph. Based on this problem,
Griggs and Yeh [9] considered an L(2, 1)-labeling on a simple graph. An L(2, 1)-labeling of a graph G is a function
f from the vertex set V (G) to the set of all nonnegative integers such that | f (x) − f (y)| ≥ 2 if d(x, y) = 1 and
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Fig. 1. (Skew) product of 2 Graphs.
| f (x) − f (y)| ≥ 1 if d(x, y) = 2, where d(x, y) denotes the distance between x and y in G. A k-L(2, 1)-labeling
is an L(2, 1)-labeling such that no label is greater than k. The L(2, 1)-labeling number of G, denoted by λ(G), is the
smallest number k such that G has a k-L(2, 1)-labeling.
From then on, a large number of articles have been published, devoted to the study of the frequency assignment
problem and its connections to graph labelings, in particular, to the class of L(2, 1)-labelings and its generalizations
(see [1–9,11–15,17–21] and [23,24]). Most of these papers consider the values of λ on particular classes of graphs.
From the algorithmic point of view, it is not surprising that it is NP-complete to decide whether a given graph G
allows an L(2, 1)-labeling of span at most n [9]. Hence good lower and upper bounds for λ are clearly welcome. For
instance, if G is a diameter 2 graph, then λ(G) ≤ ∆2. The upper bound is attainable by Moore graphs (diameter 2
graph with order ∆2 + 1), see [9]. Such graphs exist only if ∆ = 2, 3, 7, and possibly 57.
The above considerations motivated Griggs and Yeh [9] to conjecture that for any graph G with the maximum
degree∆ ≥ 2, the best upper bound on λ(G) is∆2. Note that this is not true for∆ = 1. For example,∆(K2) = 1 but
λ(K2) = 2. Griggs and Yeh provided an upper bound ∆2 + 2∆ for general graphs with maximum degree ∆. Chang
and Kuo [3] improved the bound to∆2+∆ while Kra´l’ and S˘krekovski [12] further reduced the bound to∆2+∆−1.
Graph products play an important role in connecting various useful networks and they also serve as natural tools
for different concepts in many areas of research. In [19], [11] and [20], Shao and Yeh, S. Klavz˘ar and S. S˘pacapan,
Shao, Yeh and Zhang proved that the L(2,1)-labeling number of the Cartesian product, the composition, the direct
product, the strong product, the skew product and the converse skew product graphs are bounded by the square of
its maximum degree respectively. Hence Griggs’s and Yeh’s conjecture holds in about six cases (with some minor
exception). Then, Shao, Klavzˇar, Shiu and Zhang [22] improved the upper bounds obtained in [11] with a more
refined analysis of neighborhoods in product graphs than the analysis in [11]. Recently, Shiu, Shao, Poon and Zhang
[21] presented a dramatically new approach on the analysis of the adjacency matrices of the graphs to derive the upper
bounds of λ-numbers of the first four of the above six graph products. By the new approach, they achieved significant
improvement of the previous bounds.
In this paper, we study the skew product and the converse skew product graphs with the new approach on
the analysis of adjacency matrices of the graphs as in [21] and improve the previous upper bounds significantly.
Improvements with respect to the previously known upper bounds are explicitly computed.
If not specifically stated, throughout the paper, all graphs are assumed to be simple (i.e. no loop and no parallel
edge).
2. The skew and converse skew products of graphs
Graph products have an important role in constructing many useful networks. Y. Shibata and Y. Kikuchi [22] put
forward two interesting graph products called the skew product and converse skew products, respectively, based on
the distance in graphs. The two graph products are defined as follows: each product of graphs G and H has vertex set
V (G)× V (H).
The skew product:G4H has edge set E(G) = {((u1, u2), (v1, v2))|[u1 = v1 and u2v2 ∈ E(G2) or [u1v1 ∈ E(G1)
and u2v2 ∈ E(G2)]}. (See Fig. 1 for an example.)
The converse skew product: G∇H has edge set E(G) = {((u1, u2), (v1, v2))
|[u2 = v2 and u1v1 ∈ E(G1) or [u1v1 ∈ E(G1) and u2v2 ∈ E(G2)]}. (See Fig. 2 for an example.)
By the definition of the skew product G 4 H of two graphs G and H , if ∆(G) = 0 or ∆(H) = 0, then G 4 H is
disjoint copies of H or empty. Therefore we assume ∆(G) ≥ 1 and ∆(H) ≥ 1.
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Fig. 2. (Converse Skew) product of 2 Graphs.
In order to obtain an upper bound on λ(G) (mentioned in Section 1), Chang and Kuo [3] presented a labeling
scheme on the vertex set of G. Following Chang and Kuo’s labeling scheme and with the property of the skew
product, we can have a better upper bound in terms of the maximum degree of G 4 H for any two graphs G and H .
Theorem 2.1. Let ∆,∆1,∆2 be the maximum degree of G 4 H,G, H respectively. Then λ(G4H) ≤ ∆1(∆1 −
1)∆2(∆2 − 1)+∆1∆2(∆2 − 1)+∆2(∆2 − 1)+ 2∆.
Proof. Consider the following labeling scheme on V (G). Initially, all vertices are unlabeled. Let S−1 = φ. When
Si−1 is determined and not all vertices in G are labeled. Let
Fi = {x ∈ V (G):x is unlabeled and d(x, y) ≥ 2 for all y ∈ Si−1}.
For i ≥ 1, an i-stable (or i-independent) set S of G is a subset of V (G) such that the distance between any two
vertices in S is greater than i . A 1-stable (or 1-independent) set is the ordinary independent set.
Choose a maximal 2-stable subset Si of Fi , i.e., Si is a 2-stable subset of Fi but Si is not a proper subset of any
2-stable subset of Fi . Note that in the case where Fi = ∅, i.e., for any unlabeled vertex x there exists some vertex
y ∈ Si−1 such that d(x, y) < 2, Si = ∅. In any case, label all vertices in Si by i . Then increase i by one and continue
the above process until all vertices are labeled. Assume k is the maximum label used, and choose a vertex x whose
label is k. Let
I1 = {i : 0 ≤ i ≤ k − 1 and d(x, y) = 1 for some y ∈ Si }
I2 = {i : 0 ≤ i ≤ k − 1 and d(x, y) ≤ 2 for some y ∈ Si }
I3 = {i : 0 ≤ i ≤ k − 1 and d(x, y) ≥ 3 for all y ∈ Si }.
It is clear that |I2| + |I3| = k.
Let x = (u, v) in V (G) × V (H). Then degG4H (x) = degG(u) degH (v) + degH (v). Denote d = degG4H , d1 =
degG(u), d2 = degH (v), ∆1 = ∆(G) and ∆2 = ∆(H). Hence d = d1d2 + d2 and ∆ = ∆(G4H) = ∆1∆2 +∆2.
Let G = (V, E) be a graph. Let A be its adjacency matrix with respect to the list of vertices {v1, . . . , vn}. Then
it is well-known that the (i, j)th entry of Ak is the number of different (vi − v j )-walks in G of length k, for k ≥ 0.
Thus, the number of the nonzero entries in the i-row of A2 is the number of vertices of distance 2 from vi (it includes
the vertex vi itself if deg(vi ) 6= 0).
Let G and H be two graphs of order ν1 and ν2, respectively. Suppose V (G) = {u1, . . . , uν1} and V (H) ={v1, . . . , vν2}. Consider the skew product G 4 H . We list the vertex set V (G) × V (H) in lexicographic order. Then
the adjacency matrix of skew product G 4 H with respect to this list is A = A1⊗ A2+ I1⊗ A2, where A1 and A2 are
adjacency matrices of G and H respectively, I1 is the identity matrices of order ν1. Note that P ⊗ Q is the Kronecker
product of the matrices P and Q.
Then A2 = A21 ⊗ A22 + 2A1 ⊗ A22 + I1 ⊗ A22.
Let ∆1 and ∆2 be the maximum degrees of G and H , respectively. For fixed vertex (ui , v j ) in G 4 H , we only
look at the (ui , v j )th row of the above matrix. Then the number of nonzero entries in this row excluding the diagonal
entries, i.e., the number of vertices with distance two from x in G4H is at most
degG(ui )(∆1 − 1) degH (v j )(∆2 − 1)+ degG(ui ) degH (v j )(∆2 − 1)+ degH (v j )(∆2 − 1).
Therefore |I2| ≤ ∆+ degG(ui )(∆1 − 1) degH (v j )(∆2 − 1)+ degG(ui ) degH (v j )(∆2 − 1)+ degH (v j )(∆2 − 1).
For any i ∈ I3, x /∈ Fi ; otherwise Si ∪ {x} is a 2-stable subset of Fi , which contradicts the choice of Si . That is,
d(x, y) = 1 for some vertex y in Si−1; i.e., i − 1 ∈ I1. So, |I3| ≤ |I1|.
Thus, λ(G4H) ≤ k = |I2|+|I3| ≤ |I2|+|I1| ≤ ∆1(∆1−1)∆2(∆2−1)+∆1∆2(∆2−1)+∆2(∆2−1)+2∆. 
In [19] it is proved that λ(G4H) ≤ ∆2 +∆−∆1(∆1 − 1)(∆2 − 1)−∆2(∆2 − 1)∆1.
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Because ∆2 +∆−∆1(∆1 − 1)(∆2 − 1)−∆2(∆2 − 1)∆1 − (∆1(∆1 − 1)∆2(∆2 − 1)+∆1∆2(∆2 − 1)+∆2
(∆2 − 1)+ 2∆) = ∆1∆22 +∆21 +∆1∆2 −∆1, we reduce the bound significantly.
By the definitions of the skew product G4H and the converse skew product G∇H , the two products have
symmetric structures. Hence we can obtain an upper bound in terms of the maximum degree of G ∇ H for any
two graphs G and H similarly.
Theorem 2.2. Let ∆,∆1,∆2 be the maximum degree of G ∇ H,G, H respectively. Then λ(G∇H) ≤ ∆1(∆1 −
1)∆2(∆2 − 1)+∆2∆1(∆1 − 1)+∆1(∆1 − 1)+ 2∆.
In [19] it is proved that λ(G∇H) ≤ ∆2 +∆−∆2(∆2 − 1)(∆1 − 1)−∆1(∆1 − 1)∆2.
Because ∆2 +∆−∆2(∆2 − 1)(∆1 − 1)−∆1(∆1 − 1)∆2 − (∆1(∆1 − 1)∆2(∆2 − 1)+∆2∆1(∆1 − 1)+∆1
(∆1 − 1)+ 2∆) = ∆21∆2 +∆22 +∆1∆2 −∆2, we reduce the bound significantly.
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